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Abstract
Multi-phase material are frequently applied in a wide variety of products, as they posses a unique set of properties by combining
two or more distinct phases at the level of the microstructure. Although the macroscopic stiffness and hardening are reasonably well
understood, questions remain about the dominant failure mechanism(s). We identify the role of the microstructural topology (the
distribution of phases) on damage “hot-spots” in the microstructure, by performing a numerical study on a large set of randomly
generated topologies. The result identiﬁes a distinct probability distribution of phases around a typical damage “hot-spot”. This
work is focused on assessing the sensitivity of the result to the assumptions made on the microstructural geometry.
c© 2014 The Authors. Published by Elsevier Ltd.
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of
Structural Engineering.
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1. Introduction
Multi-phase materials, such as dual phase steel, metal matrix composites, etc., are frequently used in engineering
applications. These materials often posses both strength and ductility, by combining two or more phases at the level
of the microstructure, for example hard (but brittle) particles embedded in a soft (ductile) matrix. Although their
macroscopic stiffness and hardening may be reasonably well predicted for a given microstructure, many uncertainties
remain about the dominant failure mechanism(s).
Several author have studied these failure mechanisms, see [? ? ? ] and others. However, only very few studies have
performed a systematic analysis of the effect of the microstructural topology of mutli-phase materials. [? ] generate
representative microstructure – based on statistics – and then try to identify a critical conﬁguration for damage. In the
present study, similar to [? ], we focus on characterizing the distribution of phases around the damage hot-spot more
systematically, at the onset of ductile failure of the soft phase. We compare an ensemble of random topologies by
characterizing the topological “hot-spot” responsible for high damage. The resulting probability distribution of hard
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phase around the damage “hot-spot” displays a high probability of hard phase in the principal strain direction and soft
phase under±45 degree angles to this direction. The former introduces a high level of hydrostatic stress and the latter
promotes plastic deformation in shear bands through the soft phase.
The purpose of this contribution is to verify some of the assumptions we have made in [? ]. In that work, use was
made of idealized geometries whereby individual particles were modeled as square elements. This morphology may
lead to phase particles connected by a singular point, which is clearly unphysical. Such connection cannot occur in
hexagonal elements, the element morphology used in this paper. Furthermore, equi-sized hexagonal elements lead to
non-square unit cells, allowing us to uncover possible artifacts caused by the employed periodic boundary conditions.
Nomenclature
A second order tensor Aij
a vector ai
. . . positive values: x = 12
(
x + |x| )
〈. . .〉 ensemble average
2. Modeling
The two considered phases are assumed to differ in their plastic response, whereby one is harder than the other.
We consider an ensemble of 400 different microstructures – represented by unit cells. Each of these individual
cells comprises 20 × 20 hexagonal elements to which we randomly assign the properties of the hard or the soft
phase, according to a probability of P hard = 0.25. We furthermore assume the unit cells to be periodic, whereby the
periodicity is much larger than the size of the individual elements. An example of a cell is shown in Figure ??(a),
where the cell is shown in black (hard) and white (soft), and its periodic extension in blue/white.
hard
soft
(a) example cell, including periodicity (b) applied pure shear deformation
Fig. 1. (a) Randomly generated unit cell of hexagonal elements. The cell is shown in the lower left corner in black (hard) and white (soft); the
assumed periodicity is shown in blue/white. (b) The applied pure shear deformation.
We assume both the hard and soft phase to be elasto-plastic. Since the local deformations may be signiﬁcant,
we consider a ﬁnite strain framework; in particular we use the model due to [? ]. We furthermore assume isotropic
J2-plasticity with linear hardening, characterized by the initial yield stress τy0 and the hardening modulus H , which
are different for both phases.
We chose a set of material parameters representative for one type of multi-phase materials – dual phase steel (e.g.
[? ]). However, we consider them to be representative for a wider class of materials. The contrast between the phases
is in terms of a difference in yield stress and hardening modulus as follows:
τ softy0 /E = 2 · 10−3 Hsoft/E = 5 · 10−3 τ hardy0 /E = 6 · 10−3 Hhard/E = 15 · 10−3 (1)
E is the Young’s modulus and the Poisson’s ratio ν = 0.3. Note that the elastic constants are equal for both phases.
We restrict ourselves to damage initiation in the ductile, soft, phase. We choose a simple damage indicator which
accounts for the inﬂuence of plastic strain and hydrostatic stress on ductile failure (cf. [? ? ] and others). In this
model the damage indicator D is given by the product of the positive part of the hydrostatic stress τm and the effective
plastic strain εp:
D = τm εp (2)
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It is important to remark that this damage parameter does not affect the constitutive response, i.e. softening due to the
damage is not included in the model.
The response of the individual cells is calculated using the ﬁnite element method. The implementation details for
the particular constitutive model used here are found in [? ]; we however do not use the damage formulation here.
Each hexagon is discretized by three eight-node quadratic ﬁnite elements. The response is then considered as the
volume average of the integration points in these three ﬁnite elements, i.e. we consider only (microstructural) element
average quantities.
3. Periodicity conditions
The assumed periodicity is reﬂected in the fact that periodic boundary conditions are employed. Nodes on one
edge (+) are tied to nodes on the opposite edge (−) as follows
u+ − u− = (F¯ − I) · ( X+0 − X−0 ) (3)
where u denotes the displacement of a node and X0 its position in the reference (undeformed) conﬁguration. For the
macroscopic deformation gradient F¯ we adopt pure shear, according to
F¯ = exp
(√
3
2 ε¯
)
exex + exp
(
−
√
3
2 ε¯
)
eyey + ezez (4)
where ε¯ is the overall equivalent logarithmic strain (illustrated in Figure ??(b)). We incrementally apply a maximum
deformation of ε¯ = 0.10.
Some remarks are in order regarding the spatial discretization and the nodal tyings necessary to implement the
periodicity condition for a cell with hexagonal elements. A simple illustration is given in Figure ??. In this ﬁgure the
periodic cell is highlighted in red. The hexagonal elements are indicated by a solid black line and the ﬁnite element
discretization by dashed lines. The nodal tyings are indicated using markers with identical shape and color. As is ob-
served, the treatment of corners of the periodic cell is somewhat different than in the more common rectangular cells.
In particular, in the lower-left and top-right part of the unit cell, two node combinations exist in which three nodes are
coupled (for rectangular cells only one such combination exists). In between, one node is coupled between these two
corners. The smaller red and blue nodes are coupled pairwise between left–right and top–bottom respectively.
Fig. 2. Spatial discretization (dashed lines) of the periodic cell – highlighted in red – comprising 4× 2 hexagons (solid lines). The nodal tyings are
shown using corresponding markers.
4. Simulation results
We begin our discussion of the results by considering the overall response of the individual cells. For the ensemble
considered here, the variation in hard phase volume fraction is shown in Figure ??(a) as a cumulative distribution.
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As observed, the hard phase volume fraction ranges between ϕhard = 0.19 and 0.34 around an ensemble average of
〈ϕhard〉 ≡ Phard = 0.25.
The effect of the distribution in volume fraction is directly observed in the macroscopic responses of the cells.
The macroscopic responses of the individual cells are shown in Figure ??(b), where the normalized macroscopic
equivalent stress τ¯eq has been plotted as a function of the applied logarithmic strain ε¯. The curves have been truncated
at an, arbitrarily chosen, critical damage level of Dcrit = 100τ softy0 ε
soft
y0 . This point of “fracture initiation” is shown as a
colored marker, whereby the color corresponds to the volume fraction of that particular unit cell.
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Fig. 3. (a) Cumulative distribution Φ of the hard phase volume fraction ϕhard in the ensemble of 400 random topologies. The ensemble average,
〈ϕhard〉, is indicated by dashed lines. (b) The macroscopic equivalent stress τ¯eq – normalized by the initial yield stress of the soft phase τ softy0 – of
the individual cells as a function of the applied logarithmic strain ε¯, truncated at the critical damage. The colors represented the hard phase volume
fraction, ϕhard (note: the extremes in volume fraction are outside the colorbar; to the unit cells that do not reach a critical damage level no marker
is assigned).
When we consider this graph in more detail, we observe that all cells yield at the initial yield stress of the soft
phase. The hardening – a non-linear combination between the hardening of the two phases – furthermore is stronger
for a higher volume fraction. When we consider the strain at which a critical damage level is reached, ε¯crit, we observe
a large scatter. From the colors we observe that ε¯crit is largely uncorrelated to the volume fraction. It is indeed the
difference in topology which is responsible for the large scatter in ε¯crit.
We consider the inﬂuence of topology in more detail by considering two individual cells at the two ends of the
damage spectrum. Figure ?? shows the topologies in which the damage is lowest (top) and highest (bottom) at
the ﬁnal increment of applied deformation. The ﬁgure shows from left to right: the topology, and the normalized
equivalent plastic strain εp, hydrostatic stress τm and damage D. The principal tensile strain axis is horizontal. In
these plots we observe that most of the plastic deformation is taken up by the soft phase, in particular close to hard
particles. The largest hydrostatic tension is observed in the soft phase close hard particles. The resulting damage is
therefore found mostly in the soft phase near hard particles, speciﬁcally where the hard particles are located adjacent
to a soft element in the principal strain direction.
Based on the individual responses it is difﬁcult to systematically determine the inﬂuence of the topology on the
damage. We therefore consider all cells in the ensemble and calculate the probability of ﬁnding the hard phase around
a damage “hot-spot”. The method is detailed in [? ], and summarized here for completeness. We describe the
distribution of phases using a so-called indicator function deﬁned as follows
I(i, j) =
{
1 if (i, j) ∈ hard
0 if (i, j) ∈ soft (5)
whereby (i, j) corresponds to the “matrix-position” in the cell. The average distribution – weighed by the damage in
the element (i, j) – at a distance (Δi,Δj) then reads
I¯D(Δi,Δj) =
∑
i,j D(i, j) I(i + Δi, j + Δj)∑
i,j D(i, j)
(6)
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Fig. 4. The individual response of the random cells displaying respectively the lowest (top) and highest damage (bottom) of the ensemble at the
ﬁnal increment of deformation. From left to right: the microstructure, the equivalent plastic strain εp, the hydrostatic stress τm and the damage D,
normalized by the initial yield strain and stress (εsofty0 and τ
soft
y0 ) of the soft phase.
whereby in the case of hexagons even and odd i require a slightly different treatment. The damage averaged relative
indicator function I¯D can be interpreted as the probability of ﬁnding the hard phase at a distance (Δi,Δj) around
highly damaged elements. Its ensemble average 〈I¯D〉 is shown in Figure ??(a). 〈I¯D〉 = 0 corresponds to certainty
of ﬁnding the soft phase and 〈I¯D〉 = 1 to the hard phase, around the hot-spot in the center of the diagram. From
Figure ??(a) we observe that high damage consistently occurs in the soft phase, with on both sides regions of hard
phase in the principal strain direction. In the opposite direction we ﬁnd soft phase adjacent to the damage “hot-spot”,
and at angles close to ±45 degrees we observe an elevated probability of soft phase. Farther away, we observe some
scatter around 〈I¯D〉 = 〈ϕhard〉 = 0.25, the ensemble averaged hard phase volume fraction. The observed probability
distribution is consistent with that found in [? ] using square elements.
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Fig. 5. The ensemble average indicator function 〈I¯D〉 weighed by the damage, whereby the origin is arbitrarily chosen in the center. The neutral
color of the colormap is chosen to coincide with the ensemble average hard phase volume fraction 〈ϕhard〉, and increases exponentially in both
directions. The principal strain axis is in horizontal direction; the hexagon (and unit cell) orientation is rotated by 90◦ between (a) and (b).
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In the numerical results presented here – as well as in [? ] – we observe close to the corners of the cell a slightly
elevated probability of soft phase (i.e. a lower than average probability of hard phase). This effect is related to the
assumed periodicity of the unit cells. Therefore, some caution is in order as we know from the literature (e.g. [? ])
that the deformation may be sensitive to the periodicity – in particular in the case of softening.
In the results presented here, this artifact is unlikely to be observed since the cells are non-square due to the nature
of the hexagonal element. To further verify this, we rotate the cells, thereby changing the orientation. The result is
shown in Figure ??(b). In comparing this to the earlier result in Figure ??(a) we observe only small differences, mostly
related to the conﬁguration of the individual elements. In particular observe that the region of elevated hard phase
probability is slightly larger. The bands of elevated soft phase probability have more or less the same orientation, with
small differences due to the local conﬁguration of elements.
5. Conclusions
• The damage varies strongly with the topology of the microstructure. It appears to be uncorrelated to small
variations of the volume fraction of individual cells.
• By considering a large ensemble of random topologies we have obtained a probability distribution of hard and
soft phase around a damage “hot-spot”. It consists of hard phase particles adjacent to a central soft element, in
the principal strain direction, and bands of soft phase under ±45 degree angles to this direction.
• We have conﬁrmed the conclusions drawn in [? ] using hexagonal instead of square elements.
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